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A method for determining accurate approximations to strongly nonlinear solutions that are either continuous
or discontinuous is developed and evaluated. The concept of coordinate straining suggested by Nixon is used.to
account for displacement of discontinuities and maxima of high-gradient regions due to parameter variation.
Comparisons with ‘‘exact’’ nonlinear solutions are presented for a variety of aerodynamic flows which
demonstrate the remarkable accuracy of the procedure and illustrate its range of validity in typical applications.
Attention is focused on strongly supercritical transonic flows that exhibit large surface shock movement over the
parametric range studied. Comparisons employing different classes of straining functions indicate the

superiority of linear piecewise continuous functions.

Introduction

ITH the growing capability of advanced computational

procedures to simulate a variety of complex
phenomena, it is clear that a need exists for complimentary
methods capable of alleviating, at least in part, the usage
limitations imposed on these methods by their computational
expense. The need becomes particularly compelling when
large numbers of related solutions are required as in
parametric or design studies. Techniques which enhance the
efficiency of the solution algorithms represent only a partial
answer. What is most desirable is a means for minimizing the
number of separate computationally expensive solutions
required in a particular application by extending - the
usefulness of each individual solution over some parametric
range.

The classical approach of accomplishing this, involving the
establishing and solving of a series of linear perturbation
problems, appears as an obvious choice. Recent studies,!
however, have shown that, for applications to sensitive flows
such as typically occur in transonic situations, the fun-
damental linear assumption of that technique is sufficiently
restrictive that the useful range of parameter variations is so
small as to be of little practical use. An interesting alternative
recently has been examined! successfully, in which an ap-
proximation technique is used that employs two or more base
solutions determined by the full computational method to
predict entire families of related nonlinear solutions. In the
initial demonstration of the method,? Nixon applied it to
nonlifting symmetric supercritical flow past a biconvex
profile. A related application was reported in Ref. 1 for a
symmetric nonlifting cascade. Extensions were later made to
two-dimensional lifting flows3* and preliminary applications

~made to three-dimensional3*® flows. The concept was applied
to perturbation of both physical parameters,! namely,
geometry or flow variables, and nonphysical parameters,’
such as grid size or level of governing equation. In total, these
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initial applications served to establish the overall applicability
of the approximation concept. In view of the potential of the
method for providing substantial computational savings for a
wide spectrum of nonlinear problems, the work reported here
focuses on a detailed evaluation of the method. Results are
presented that illustrate the accuracy and limits of validity
that can be expected in typical applications, and provide some
guidelines on how best to apply the method.

A crucial aspect of such a method is its ability to treat
accurately regions- where either discontinuities or high
gradients exist. The concept of coordinate straining suggested
by Nixon?3 to account for the displacement of discontinuities
due to parameter changes is used here and is extended to
predict displacements of other high gradient locations such as
stagnation points, maximum suction pressure points, etc. The
question of nonuniqueness of the straining function and its
effect on the approximation predictions is examined. An
example of employing two different straining functions for a
strongly supercritical. flow was provided in Ref. 3 and
displayed no difference in results. Here we provide additional
results which do exhibit .differences and demonstrate the
limitations of certain classes of straining functions.

Although the methodology developed is applicable to
general nonlinear problems, the specific results reported are
for aerodynamic applications. Single and simultaneous
multiple parameter perturbation results based on transonic
small disturbance and full potential solutions are presented
for nonlinear transonic flows past both isolated airfoils and
compressor cascades. In order to enable a critical evaluation
of the procedure, emphasis is placed on strongly superecritical
flows which exhibit large surface shock movement over the
parametric range studied.

Analysis

Approximation Concept

The basic hypothesis underlying the present procedure is
that a range of solutions in the vicinity. of a previously
determined or base solution can be calculated to first-order
accuracy in the incremental change of the varied parameter by
determining a linearized unit perturbation “solution Q,
defined according to the relation

Q=0Q,+A1Q,) )

where Q is the approximate solution for conditions differing
from the base solution Q, by an amount A of some arbitrary



AUGUST 1982

flow quantity. The effectiveness of such an approximation
method depends upon the ability of the relationship in Eq. (1)
to remain accurate over a range A of practical significance,
and the fact that Q , need be determined only once.

For the approximation method, Q, is determined simply by
differencing two nonlinear base flow solutions removed from
one another by some nominal change of a particular flow or
geometrical quantity and then dividing that result by the
change in the perturbed quantity. Related solutions are ob-
tained by multiplying the unit perturbation by the desired
parameter change and adding that result to the base flow
solution. This simple procedure, however, only works directly
for continuous flows for which the perturbation change does
not alter the solution domain. For those perturbations that
change the flow domain, coordinate stretching (usually
obvious) is necessary to insure proper definition of the unit
perturbation solution. For discontinuous flows, coordinate
straining is necessary to account additionally for movement of
discontinuity due to the parameter change.

The attractiveness of the approximation method is that it is
not restricted to a linear variation range but rather replaces
the nonlinear variation between two base solutions with a
linear fit. This de-emphasizes the sensitivity inherent in the
classical linear perturbation equation approach. Moreover,
other than the approximation of a linear fit between two
nonlinear base solutions, the method is not restricted by
further approximations with respect to the governing dif-
ferential equations and boundary conditions. Rather, it
retains the full character of the original methods used to
calculate the base flow solutions. Most importantly, no
perturbation differential equations have to be posed and
solved, only algebraic ones. In fact, it is not necessary to
know the exact form of the perturbation equation, only that it
can be obtained by some systematic procedure and the per-
turbations thus defined will behave in some ‘‘generally ap-
propriate’” fashion so as to permit a logical perturbation
analysis. For situations involving perturbations of physical
parameters, such as reported here, the governing perturbation
equations are usually transparent, or at least readily
derivable. Finally, because of the implicit nature of coor-
dinate straining, the approximation solution is nonlinear in
the varied parameter.
~ The primary disadvantage of the method is that two base
solutions are required for each parameter perturbation
considered. Furthermore, both flows must be topologically
similar, i.e., discontinuities or other characteristic features
must be present in both base solutions used to establish the
unit perturbation.

Coordinate Straining

The concept of employing coordinate straining to remove

nonuniformities from. perturbation solutions of nonlinear
problems is well established and was originally suggested by
Lighthill® three decades ago. The basic idea of the technique is
that a straightforward perturbation solution may possess the
appropriate form, but not quite at the appropriate location.
The procedure is to strain slightly the coordinates by ex-
panding them as well as the dependent variables in an
asymptotic series. It is often unnecessary to actually solve for
the straining. It generally can be established by inspection.
The final uniformly valid solution is then found in implicit
form, with the strained coordinate appearing as a parameter.
In the original applications of the method,” it was applied
in the ‘‘classical’’ sense; that is, series expansions of the
dependent and independent variables in ascending powers in
some small parameter were inserted into the full governing
equation and boundary conditions, and the individual terms
of the series determined. An ingenious variation in the ap-
plication of the method was made by Pritulo® who demon-
strated that if a perturbation solution in unstrained coor-
dinates has been determined and found to be nonuniform, the
coordinate straining required to render that -solution
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Perturbation for
calibration solution
in strained coordinates

Perturbation for_‘ '
calibration solution .
in physical coordinates

a) Single shock,

+

b) Multiple shock and high-gradient locations.

Fig. 1 Perturbation solution for calibration solution in physical and
strained coordinates.

uniformly valid can be found by employing straining directly
in the known nonuniform solution, and then solving algebraic
rather than differential equations. The idea of introducing

_ strained coordinates a posteriori has since been applied to a

variety of different problems’ and forms the basis of the
current application.

The fundamental idea underlying coordinate straining, as it
relates to the present aerodynamic applications, is illustrated
graphically in Fig. 1. In the upper plot on the left, two typical
transonic pressure distributions are shown for a highly
supercritical flow about a nonlifting symmetric profile. The
distributions can be regarded as related nonlinear flow
solutions separated by a nominal change in some geometric or
flow parameter. The shaded area between the solutions
represents the perturbation result that would be obtained by
directly differencing the two solutions. We observe that the
perturbation so obtained is small everywhere except in the
region between the two shock waves, where it is fully as large
as the base solutions themselves. This clearly invalidates the
approximation technique in that region and most probably
somewhat ahead and behind it as well. The key idea for
correcting this, pointed out by Nixon,23 is first to strain the
coordinates of one of the two solutions in such a fashion that
the shock waves align, as shown in the upper plot on the right
of Fig. 1, and then determine the unit perturbation.
Equivalently, this can be considered as maintaining the shock-
wave location invariant during the perturbation process, and
assures that the unit perturbation remains small both at and in
the vicinity of the shock wave. Obviously, shock points are
only one of a number of characteristic high gradient locations
such as stagnation points, maximum suction pressure points,
etc., in which the accuracy of the approximation solution can
degrade rapidly. The plots in the lower left part of the Fig. 1
indicate such a situation which contains multiple shocks and
high gradient regions. Simultaneously straining all these
locations, as indicated in the lower right plot, serves to
minimize the unit perturbation over the entire domain con-
sidered and provides the basis of the high accuracy of the
method.

Because the method of strained coordinates is known to be
nonapplicable to certain classes of perturbation problems, or
worse, appear to be applicable while producing incorrect
results,” the point arises as to its use in the present context.
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The question is not whether the method will produce a uni-
formly valid solution—the expansion procedure guarantees
that—but whether the solution so produced may be incorrect
inherently. Unfortunately, unlike the method of matched
asymptotic expansions, there are no firm rules which
guarantee the correctness of strained coordinate solutions.
There are, nevertheless, some generally reliable guidelines.
The method of strained coordinates appears to always succeed
when the singularity predicted by the direct unstrained
problem actually exists. In our applications, this is always the
case, since we identify the singularity or invariant points as
shock points, stagnation points, and other physically iden-
tifiable points. Furthermore, we restrict the allowable range
of parametric variation such that the neighboring calibration
and predicted flows retain these same points and create no
new ones. Therefore, invariant points are neither lost nor
generated over the solution domain of interest. These con-
siderations effectively insure that the predicted approximation
solutions will both be physically correct and, additionally,
will not violate the basic straining principle’ regarding
compounding of singularities.

Analytical Formulation

In order to provide the theoretical essentials of the method,
consider the formulation of the procedure at the level of the
full potential equation. We denote the operator L acting on
the velocity potential equation for & as that which results in
the two-dimensional full potential equation for ®, i.e.,

L{®]=0 @

If we now expand the potential in terms of zero and higher-
order components in order to account for the variation of
some arbitrary geometrical or flow parameter ¢

<I>=<I>0+e¢,-}-...; qg=q,+Aq 3)

and then insert this into the governing Eq. (2), expand the
result, order the equations into zero- and first-order com-
ponents, and make the obvious choice of expansion parameter
e=Ag, we obtain the following governing equations for the
zero- and first-order components:

d
L[®,1=0; L,[<I>,]+5(;L[d>0]=0 @

Here L, is a linear operator whose coefficients depend on
zero-order quantities and dL [®,]/dq represents a ““forcing”’
term due to the perturbation. Actual forms of L; and the
forcing term are provided in Ref. 1 for a variety of flow and
geometry parameter perturbations of a two-dimensional
turbomachine, and in Ref. 4 for profile shape perturbations
of an isolated airfoil. An important point regarding Eq. (4)
for the first-order perturbation &, is that the equation
represents a unit perturbation independent of the actual value
of the perturbation quantity e.

Appropriate account of the movement of discontinuities
and maxima of high gradient regions due to the perturbation
now is accomplished by the introduction of strained coor-
dinates (s, ) in the form

x=5+e€x;(x1); y=t+ey,(st) %)

where

N N
X6 = 2 x, (05 ¥ (60 =Y 8y,.(s1)  (6)

i=1 i=1 .

and edx;, €6y, represent individual displacements of the N
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strained or invariant points, and x,i(s,t), y,.(s,t) are
straining functions associated with each of the N invariant
points. Introducing the strained coordinates Egs. (5) and (6)
into the expansion formulation leaves the zero-order result in
Eq. (4) unchanged, but results in a change of the following
form for the first-order term:

9
L,[@1]+L2[<I>o]+£L[‘I>0]=0 @)

Here the operators are understood to be expressed in terms of
the strained (s,7) coordinates, and the additional operator L,
arises specifically from displacement of the strained points. In
Refs. 3 and 4 specific expressions for L, are provided for
selected perturbations involving transonic small disturbance
and full potential formulations. The primary point, however,
with regard to Eq. (7) expressed in strained coordinates is that
it remains valid as before for a unit perturbation and in-
dependent of e. )

In employing the approximation method, Eq. (7) for the
unit perturbation is solved by taking the difference between
two solutions obtained by the full nonlinear procedure after
appropriately -straining the coordinates. If we designate the
two solutions for some arbitrary flow quantity ¢ as base Q,
and calibration Q,, respectively, of the varied parameter, we
have for the predicted flow at some new parameter value g
(Ref. 5)

Qx,y) =0, (s,1) = (e/ey) [Q. (%) —Qy(s5,1) ] )]
where

X=5+¢€px,;(s,1); y=t+ezy,(s,1)

x=s+(e/;so)[)2—s]; y=t+(e/ey) [y—1¢]

€0=q.—qp; €=d—(qy 9
Extension of this result to simultaneous multiple parameter
perturbations is straightforward®; and that extension is
provided in the following section where applications of the
approximation procedure are made to predict surface
properties. Also provided are the particular forms of the
straining functions Eq. (5) for those applications.

Application to Surface Properties

For the current applications, we have employed coordinate
straining with the approximation method to predict surface
pressure distributions for a wide variety of single and multiple
parameter geometrical and flow perturbations of isolated
airfoils and cascades. In that instance where flow properties
are required along some contour, the first-order solutions can
be represented by

M
Q(x:e;) =Qy(s) + E ejQIj(s)
i=1
- M !
x=s+ Eejx, (s) 10)
j=1

where x is the independent variable measuring distance along
the contour or a convenient projection of that distance, s is
the strained coordinate, and ¢; a small parameter representing
the change in one of M flow or geometrical variables which we
wish to vary simultaneously.

In order to determine the first-order corrections Q, (s), we
require one base and M calibration solutions in wh/ich, the
calibration solutions are determined by individually varying
each of the M parameters by some nominal amount from the
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base flow value while keeping the others fixed at their base
flow values. -

In this way, the first-order corrections Q;(s) can be
represented as J

0,,(9) = [Q, (%) —Qy (5) 1/¢§ )

where Q. is the calibration solution corresponding to
changing the Jth parameter g; to a new value q_, X; is the
strained coordinate pertaining to the Q.. calibratioh solution,
and € represents the change ch—qo,’in the jth parameter
from its base flow value, If we now desire to keep invariant
during the perturbation process a total of N points
corresponding to discontinuities or high gradient maxima, the

coordinates X; and x can be given by

=

Fj=s+ ) € (8x5) %, (5) (12)
i=1I
M N
x=s+ Y, e (8x8) x, (5) (13
Jj=1i=1 !
where
€ =4, —do; €=q,—4do, ’ - (14)

€5 (6x5) ;= (xf_x?)j; €;(0x§) ;= (€;/€5) (xf_x?)j (15)

Here €5(8x{); given in Egs. (12) and (15) represents the
displacement of the ith invariant point in the jth calibration
solution from its base flow location due to the selected change
€ in the g; parameter given in Eq. (14); €; (6x7); given in Egs.
(13) and (15) represents the predicted displacement of the ith
invariant point from its base flow location due to the desired
change ¢; in the g; parameter given in Eq. (14); and x,l_(s) isa
unit order straining function having the property that

‘ 1 k=i
x1[(x2) = )
0 k#i (16)

which assures alignment of the ith invariant point between the
base and the calibration solutions.

In addition to the single condition Eq. (16) on the straining
function, it may be convenient or necessary to impose ad-
ditional conditions at other locations along the contour. For
example, it is usually necessary to hold invariant the end
points along the contour, as well as to require that the
straining vanish in a particular fashion in those locations. All
of these conditions, however, do not serve to determine the
straining uniquely. The nonuniqueness of the straining,
nevertheless, often can be turned to advantage, either by
selecting particularly simple classes of straining functions, or
by requiring the straining to satisfy further constraints
convenient for a particular application.

In the present application, the problem posed for the first-
order strained coordinate approximation is somewhat
‘unusual in that the straining requirements are fixed a priori

rather than determined as part of the solution. Consequently,

it is unnecessary to examine a higher-order straining problem
as is the standard procedure’ for determining the straining.
Rather, the straining is established on the basis of Eq. (16)
regarding displacement of the invariant points. Since
relatively simple classes of straining functions can accomplish
this, the results obtained thus far with the approximation
method have employed either various continuous polynomial
straining functions or piecewise continuous linear straining
functions. .

The fact of nonuniqueness of straining functions, however,
raises a further question of the dependence of the final ap-
proximation predicted result on choice of straining function.
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FLOW TYPE: SUPERCRITICAL SUBCRITICAL SUPERCRITICAL
(SYMMETRIC)
I
® ¢ o P N@ S
@ " ® ; N
0] ®
STRAINING PARABOLIC, PARABOLIC, CUBIC, PIECEWISE
FUNCTION® PIECEWISE CONTINUOUS  PIECEWISE CONTINUOUS CONTINUOUS
POINTS HELD R T.E., STAG, PT, T:E. T.E., STAG. PT.
INVARIANT: L.E, SHOCK, T.E SHOCK PT,, T.E.
FLOW -TYPE: SUBCRITICAL SUPERCRITICAL
®
A@ R®
. ) s K
N
@ 3 )
STRAINING CUBIC, QUARTIC,
FUNCTION: PIECEWISE CONTINUOUS ~ PIECEWISE CONTINUOUS
POINTS HELD TE. STAG. PT., TE., SHOCK PT.;STAG. PT.;

INVARIANT: MAX SUC. PRES.PT.,, T.E. SHOCK PT,,TE.

Fig.2 Summary of various flows and straining functions considered.

\

An initial example of the effect of employing two different.
straining functions for a strongly supercritical flow was
provided in Ref. 3. Those results indicated no difference

- between the two approximation solutions. In Ref. 9, it was

demonstrated that the final approximation result when
employing strained coordinates in the present manner is
formally independent of the particular straining function
used, provided the function moves the invariant points to the
proper locations. We have found this to be true for predic-
tions at and in the vicinity of invariant points. However, we
have also found that certain classes of straining functions can
have the undesirable property of causing unwanted straining
in regions removed from the invariant points. This has the
effect of inducing spurious behavior in the approximation
predictions in those regions. Here we provide examples of
such results, and demonstrate in particular some of the
limitations of various polynomial straining functions in
comparison with piecewise continuous functions.

For continuous polynomial and linear piecewise continuous
straining, the functional forms of the straining can be written
compactly. For example, Eq. (12) becomes, for continuous
polynomial straining

N-1
Xy=s+ Y, Li(s) (x§—x9); an
i=2

where L; are Lagrangian coefficients given by

N
_ (s—x3)
L=y )
k#i

whereas for linear piecewise continuous straining, X; is given
by : :

: [ X0 =S
— — 50
Xj=x+ {x (xf—x7);

0
Ter=xX{
_s——x? . 0 0 0
X0 0 (x5, _xi+1)j}H(xi+l ~S)H(s—x?) (19)
iv1 X7

where H denotes the Heaviside step function. As discussed
earlier, it is usually necessary to hold invariant both of the end
points along the contour in addition to the points
corresponding to discontinuities or high gradient maxima.
For the results reported here, the array of invariant points in
the base and calibration solutions have been chosen as

x?=1(0,x9,x3,....,x0,1} xi= {0.x5,x5,...,x5, 1), (20)

where the contour length has been normalized to one. Figure 2
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Fig. 3 Comparison of approximation and nonlinear surface
. pressures for a thickness ratio perturbation of a nonlifting cascade of
biconvex profiles with H/C=1.0 at M, =0.80.
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Fig. 4 Comparison of approximation and nonlinear surface
pressures for a thickness ratio perturbation for an isolated NACA
four-digit airfoil at M_ =0.820 and o=0 deg for solution in-
terpolation. o

provides a summary . of the combinations of flows and
straining functions studied.

Results
One of the primary objectives of the present investigation is
to explore the accuracy and range of validity of such ap-
proximation procedures to determine to what extent they are
capable of providing results useful in an engineering analysis.

AIAA JOURNAL

To this end, we have tested the method in a variety of dif-
ferent geometrical and flow condition perturbations, in-
cluding applications of both isolated airfoils and compressor
cascades. Since the ability of the method to account accurately
for the movement of discontinuities and maxima of high
gradient regions is essential if such procedures are to be of
general use, emphasis was placed on transonic flows that are
strongly supercritical and exhibit large surface shock
movement over the parametric range studied. Base flow
theoretical solutions were determined from small-disturbance
transonic potential'® and full potential solutions.!l12 In the
results to follow, which were selected as typical from
systematic calculations of a much larger number of cases, the
choice of base and calibration solutions was often made at the
limits of validity of the procedure to observe how well the
method performs under such conditions.

Single Parameter Perturbations

In Fig. 3, we present results for a thickness ratio per-
turbation of strongly supercritical flows past a nonlifting
cascade of biconvex profiles at M, =0.8 having a spacing to
chord ratio of H/C=1.0. The dotted and dashed results on
the figure represent the base and calibration surface pressure
distributions for 7=(0.075, 0.065), respectively, and were
obtained by solving the transonic small-disturbance potential
equation using the code TSFOIL.!® An x grid having 48 points
on the blade profile was used. These solutions, then, were
used to determine the unit perturbation. The open circles
represent the approximation solution for r=0.073 in the plot
on the left and for 7=0.070 in the plot on the right. Those
results are meant to be compared with the solid lines in the
plots that are the corresponding nonlinear solutions obtained
by rerunning TSFOIL at the new thickness ratios. Quadratic
straining was used with shock point and leading and trailing
edges held invariant. The base and calibration. flow shock-
point. locations for this example, as well as for all of the
supercritical cases presented here, were determined as the
point where the pressure coefficient passed through critical
with compressive gradient. ‘ :

With regard to the results, several points are noteworthy.
Selection of a cascade rather than an isolated airfoil provides
a more sensitive transonic flow situation. Additionally, the
choice of a highly supercritical base and almost subcritical
calibration solution provides both an example of extreme
separation between the two nonlinear solutions used to define
the unit perturbation, as well as a situation where one solution
is near the limits of validity of the perturbation analysis.
Recall that both solutions must be topographically similar,
i.e., must contain the same number of discontinuities (shocks)
and other characteristic features.

We note that comparisons of the approximation results
with the nonlinear calculations are very satisfactory for both
thickness ratios, with the only discrepancy being a slight
disagreement at the lower thickness ratio (7=0.070) at several
points in the postshock region. Additional calculations, not
presented here, in which a more reasonable choice of
calibration solution is made, say at 7=0.070, removes that
discrepancy. The main point provided by the results of Fig. 3
is that for certain classes of supercritical flows even widely
separated base solutions can be used to provide accurate
approximation predictions. '

In Fig. 4, we provide similar strongly supercritical results
again for interpolation-only approximation solutions, but on
a somewhat finer grid. These results employed full potential
base solutions,!! and represent thickness ratio perturbations
of nonlifting symmetric free air flows past NACA four-digit
thickness only airfoils at M_ =0.820. The body-fitted mesh
employed had 75 points on both upper and lower surfaces,
which is half again as many as in the preceding example. For
the base and calibration flows, the thickness ratios were
7=0.120 and 0.080, respectively. Comparisons between the



AUGUST 1982

Caenae BASE
CALIBRATION
APPROXIMATION
EXACT NONLINEAR

T=0.100

o.8 T=0.105

0.8 T=0.105 T=0.110
1.2 ~——
) 0.5 1.00 0.5 Ti0
X ’ X

Fig. 5 Comparison of approximation and nonlinear surface
pressures for a thickness ratio perturbation for an isolated NACA
four-digit airfoil at M =0.820 and a=0 deg for extreme solutjon
extrapolation.

approximation predictions and the full nonlinear calculatiopg
are exhibited in Fig. 4 for 7=0.110, 0.105, 0.100, and 0.095.
We note that the comparisons are remarkably good, ip
particular, in the region of the shock. The first-order ap.
proximation results accurately predict both shock location
and post-shock expansion behavior. Reference to the coarser
grid results given in Fig. 3 indicates that the finer grig
resolution clearly enhances the predictions, indicating that
better accuracy and a larger range of validity can be gp-
ticipated when fine grid solutions are used to define the ynjt
perturbation.

In the two preceding examples, approximation results were
provided for interpolation between widely spaced base and
calibration solutions. In Fig. 5, we provide similar strongly
supercritical thickness ratio perturbation results for extreme
extrapolation using very closely spaced base and calibration
solutions.!! The upper plots display results for extrapolation
downward from base and calibration flows past nonlifting
NACA four-digit profiles with 7=0.115 and 0.12Q0 gt
M, =0.820. Approximation predictions are shown for
7=0.105 and 0.100, which represent A7 excursions from the
base flow (r=0.115) that are two and three times the
parameter change between the base and calibration solutjong
(A7=0.005) used to define the unit perturbation. For these
results, comparisons with full nonlinear calculations are very
good. The lower plots display similar results for extreme
extrapolation upward from base and calibration solutions
having 7=0.095 and 0.090. Approximation predictions gre
shown for 7=0.105 and 0.110, which again represent ex-
cursions from the base flow that are two and three times the
parameter change between the base and calibration solutions.
In this instance, while comparisons of the approximation
results and the full nonlinear solutions for both cases are
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Fig. 6 Comparison of approximation and nonlinear surface
pressures for a Mach number perturbation of an isolated NACA 0012
airfoil at @ =0 deg.

good, the results at 7=0.110 are beginning to display some .
not surprising discrepancies near the shock wave, indicating
that the approximation result is nearing the limit of its range
of validity for this particular choice of base and calibration
flows.

The results indicated in Fig. 5, however, clearly demon-
strate that not only is accurate solution extrapolation
possible, but that for some situations even closely spaced
nonlinear solutions can be used to cover a wide range of
related solutions. Additionally, the range of parameter
variation in this example over which the approximation
results remain accurate—i.e., parameter changes three times
the difference between the two nonlinear solutions used to
define the unit perturbation—is remarkable, and far beyond
what one would anticipate for a first-order correction.

Approximation results using a more reasonable choice of
base and calibration solutions and using a flow rather than
geometry parameter are provided in Fig. 6. Those results
involve Mach number perturbations of highly supercritical
full potential!! flows past a NACA 0012 airfoil at =0 deg.
The base and calibration results are for M =0.800 and
0.820, and the comparisons indicated are for interpolation to
M =0.810 and extrapolation downward to M, =0.790. As
with the previous geometric perturbations, these results are
similarly in very good agreement with the nonlinear
calculations. For these cases, as well as for a number of other
Mach number perturbations, we have separately determined
the approximation prediction in two different ways. First, we
have taken cognizance of the fact that a Mach number per-
turbation alters the governing differential equation for the
first-order perturbation from that of other geometric or flow
parameter changes; and have used the suggestion of Ref. 3 to
consider such perturbations via a transonic small-disturbance
approximation, whereby the same perturbation equation can
be preserved by employing a modified expansion parameter €.
An alternative procedure is to treat a Mach perturbation
directly and interpret ¢ as the difference in Mach number. We
have done both of these calculations and compared the
perturbation results for a number of cases using both full
potential solutions, as for the results shown in Fig. 6, and
transonic small-disturbance solutions, and have observed no
essential difference between the two sets of results. The ap-
proximation results presented in Fig. 6 correspond to those
for € equal to the difference in Mach number.

In Fig. 7, we present results for an angle-of-attack per-
turbation of lifting flows past a NACA 0012 profile at
M, =0.70. The full potential!! base and calibration solutions
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Fig. 7 Comparison of approximation and nonlinear surface
pressures for an angle-of-attack perturbation of an isolated NACA
0012 airfoil at M, =0.70.
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Fig. 8 Comparison of nonlinear surface pressures with ap-
proximation results using cubic or linear piecewise continuous
straining functions for an angle-of-attack perturbation of an isolated
NACA 0012 airfoil at M_, =0.70. .

are at o= 3.0 and 4.0 deg with comparisons of approximation
and nonlinear results at «=3.5 and 2.5 deg. Cubic straining
has been used with the invariant points corresponding to the

lower trailing edge, stagnation point, shock point, and the -

upper trailing edge (see Fig. 2). We note that for «=3.5 deg,
the approximation results are very good everywhere, in
particular, in the vicinity of the shock and stagnation regions.
At a=2.5 deg, the approximation results are still very good in
the shock and stagnation regions and on most of the upper
and lower surface, but near the trailing edge a discrepancy has
occurred. The cause lies solely with the straining function
(cubic) used. Although the straining vanishes identically at the
trailing edge, for the particular choice of base and calibration
solutions in this example, the straining in the near vicinity of
the trailing edge is sufficiently large to introduce a
misalignment in the unit perturbation. The correction to this
is discussed in the following section.
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Fig. 9 Comparison of nonlinear surface pressures with ap-
proximation results using quadratic or linear piecewise continuous
straining functions for a Mach number perturbation of an isolated
NACA 0012 airfoil at « =0 deg.

Piecewise Continuous Straining Functions

The results presented in Figs. 8 and 9 illustrate the effect of
using different classes of straining functions to determine the
approximation results, and highlight, in particular, certain
limitations with continuous polynomial straining functions.
Comparisons are provided for two strongly supercritical
flows, and demonstrate the differences between continuous
quadfatic and cubic straining functions and corresponding
piecewise continuous straining functions.

Figure 8 displays a comparison for a supercritical angle- of-
attack perturbation at o =2.5 deg for which results based on
cubic straining were given in Fig. 7. The open circles denote
the previously obtained cubic straining approximation result,
while the asterisks denote the corresponding result when using
linear piecewise continuous straining. For both straining
functions, the invariant points are the lower trailing edge,
stagnation point, shock point, and the upper trailing edge. We
note that the spurious behavior near both the upper and lower
surface trailing edge caused by unwanted straining in the
cubic result has been corrected by piecewise continuous
straining. Most importantly, the piecewise continuous result
indicates very good agreement with the full nonlinear solution
in that region. Furthermore, the good agreement with the full
nonlinear result which the cubic result displayed near the
shock and stagnation regions is also obtained with the
piecewise continuous result. In fact, with the exception of the
trailing edge region, both straining results are essentially
identical. This example illustrates the typical independence of
the approximation prediction on straining function at and in
the vicinity of invariant points, as well as in regions where no
excessive straining is introduced by a particular straining
function.

In addition to excess straining at locations removed from
invariant points, we have found that continuous polynomial
straining can, in certain cases, actually strain points off the
contour surface, particularly when large shock displacements
are involved. This, of course, invalidates the determination of
the unit perturbation, and requires that a different straining
function be employed. Piecewise continuous linear straining
functions again provide a simple means of avoiding such
difficulties.
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In Fig. 9, we provide an example illustrating this effect for
a quadratic straining function. There a comparison is made of
approximation results obtained using quadratic (open circles)
and linear piecewise continuous (asterisks) straining applied
to a supercritical Mach number perturbation for symmetric
nonlifting flow past a NACA 0012 airfoil. Widely separated
base/calibration flows!! at M =0.820 and 0.750 were used to
predict the flow at M, =0.810. The invariant points are the
leading edge, shock point, and trailing edge. The spurious
behavior near x=0.16 displayed by the open circles is due to
the quadratic function moving points in the strained
calibration solution of the airfoil surface. The piecewise
continuous results indicated by the asterisks display a smooth
variation in that region, and provide good agreement
everywhere with the full nonlinear result. Note again the close
agreement at and near the shock between the two ap-
proximation predictions, indicating independence of straining
function at that invariant point.

Furthér comparisons of continuous polynomial and
piecewise continuous approximation predictions have been
made and are reported in Ref. 13. The essential conclusions
from all of these results are that the approximation predic-
tions are independent of straining function when invariant
point displacement between base, calibration, and predicted
solution is modest. For the more important cases involving
larger displacements, continuous polynomial straining can
introduce spurious results. Linear piecewise continuous
straining provides a simple and direct means of avoiding this,
and has proven effective and accurate in all case studies
undertaken.

Multiple Parameter Perturbations

All of the previous results presented are for single
parameter perturbations of some flow or geometry
parameter. In Figs. 10 and 11, we provide corresponding
results for the simultaneous perturbation of two or more
parameters. In Fig. 10, comparisons are provided for the
simultaneous perturbation of thickness ratio and oncoming
Mach number of highly supercritical full potential'! flows
past NACA four-digit airfoils. The base flow was chosen at
M, =0.820 and 7=0.120 and is displayed as the dotted line in
both plots. The calibration flow selected to account for M,
changes is at M, =0.800 and 7= 0.120 and is displayed in the
plot on the left; while the calibration flow for thickness ratio
changes is at M, =0.820 and 7=0.110 and is displayed in the
plot on the right. The comparison between the approximation
and exact nonlinear results are for parameter extrapolation to
M, =0.790 and 7=0.115. Note that the indicated results for
base, approximation, and exact nonlinear solution in both
plots of Fig. 10 are the same; the primary reason for
presenting two plots is to indicate clearly the separation
between the base, the two calibration solutions, and the
predicted result. The straining employed is linear piecewise
continuous, with leading and trailing edge and shock point

" held invariant. With regard to the results, the comparison
between the approximation and the exact nonlinear results is
extremely good, in particular in the region of the shock. We

. note that the parameter values of (M_,7) selected for the

prediction solution represent relatively substantial excursions
from the base and calibration values. Nevertheless, the ap-
proximation method is able to predict the solution accurately.

The final result provided in Fig. 11 is for a four parameter
perturbation of strongly supercritical full potential'? flows
past a cascade of compressor blades having NACA four-digit
profiles. The base flow is for an oncoming Mach number of

M, =0.78, thickness ratio 7=0.110, gap-to-chord ratio

t=3.2, and oncoming inflow angle «=0.3 deg. The four
calibration solutions to account for changes in these
parameters involved individually varying each parameter
from its base value to its calibration matrix value given by

{M,, 1, t, a}=1{0.790, 0.120, 3.0, 0.5 deg} while keeping the

others at their base values. Comparison of predicted and exact
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Fig. 10 Comparison of approximation and nonlinear surface
pressure for simultaneous Mach number and thickness ratio per-
turbation of a nonlifting isolated NACA four-digit airfoil.
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Fig. 11 Comparison of approximation and nonlinear surface
pressures for simultaneous Mach number, thickness ratio, spacing
ratio, and oncoming flow angle perturbation of a cascade of NACA
four-digit blades.

nonlinear results are for parameter values of {M_, 1, ¢,
a}=1{0.785, 0.115, 3.1, 0.4 deg}. The base solution is in-
dicated as the dashed line and provides some idea of the
solution displacement. The four calibration solutions are not
shown. This particular set'of flows was selected because of the
presence of multiple shocks and high sensitivity to parameter
change. Linear piecewise continuous.straining was employed
with the invariant points being the lower surface trailing edge,
lower surface shock stagnation point, upper surface shock,
and upper surface trailing edge. The comparisons between



1112 STAHARA, ELLIOTT, AND SPREITER

approximation and exact nonlinear resultst is again
remarkably accurate. The predictions of both the locations of
the shocks on the upper and lower surface are given very well,
as are the pressure distributions in the regions immediately
ahead and behind those shocks.

Concluding Remarks

An evaluation has been made of an approximation
procedure for determining accurate approximations to
families of nonlinear solutions that are either continuous or
discontinuous, and that represent variations in some arbitrary
parameter. The procedure employs two or more nonlinear
solutions that differ from one another by a nominal change in
some geometric or flow parameter to predict-a family of
related nonlinear solutions. Coordinate straining is used to
account properly for the displacement of discontinuities and
maxima of high-gradient regions. Extensive calculations,
based on full poténtial nonlinear solutions and spanning a
~ variety of flow and geometry perturbations of flows past
. isolated airfoils and compressor cascades, were carried out.

Particular emphasis was placed on supercritical transonic
flows which exhibit large surface shock movéments over the
parametri¢ range studied. Approximation results, for both
single and multiple parameter perturbations, characterized by
both extreme solution interpolation and extrapolation, were
obtained to exhibit the accuracy and range of validity of the
method. Additionally, calculations investigating the: ef-
fectiveness of linear piecewise continuous straining functions
rather than continuous polynomial (quadratic, cubic, quartic)
functions were carried out.

Comparisons of ~the approximation results with the
corresponding exact nonlinear solutions indicate a remarkable
accuracy of the method across the spectrum of examples
reported. Use of fine grid base solutions clearly enhances
approximation results particularly at discontinuities and high
gradient regions. Solution interpolation and extrapolation are
both feasible and accurate. Results evaluating the continuous
polynomial and piecewise continuous straining functions
indicate that the linear piecewise continuous functions are
superior. Computational time of the method, beyond the
determination of the base solutions, is trivial. Based on these
results, we conclude that such a procedure can provide a

'AIAA JOURNAL

means for substantially reducing computational requirements
in design studies or other applications where large numbers of
related nonlinear solutions are needed.
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